5.12 Find the decision regions that give the minimum average probability of error for the
probabilities 7y and 7 if fy and f; are zero-mean Gaussian densities with unequal
variances o¢ and o7. Express I'g and T'; as unions of intervals.
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514 (a)

(b)

Using Theorem 5-1 stated in Section 5.4, prove that the following randomized
decision rule is a minimax decision rule for the densities fp and f; of Example 5-9.
The decision rule is to observe z and

if fi(z) > 3fo(z), decide 1 was sent;
if fi(z) < 3fo(z), decide O was sent;

and
if fi(z) = 3fo(z), make a random choice.

The random choice is as follows: With probability 1/4, decide 0 was sent, and
with probability 3/4, decide 1 was sent. In order to apply the theorem you must '
first show the decision rule is a Bayes decision rule. (What are the values of
7g and m;7) You must also prove that the decision rule has the property that -
P e,0 — P e,1¢ :
Show that the following choice of Iy and I'; gives a n9nrandomized minimax |

k3

rule for the densities of Example 5-9: P
ry = (5/4,2).

Is this decision rule a likelihood ratio test?
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515 A binary baseband data transmission system uses the antipodal signal set defined by

2At/T, 0<t<T/2,
so(t) = A(2t -0)/T, T/2<t<T,
0, otherwise.

The channel is an additive white Gaussian noise channel with noise spectral density

Ny /2. The minimax criterion is to be used.

(a)

(b)

(©)

(d)

(e)

®

|

What is the minimum probability of error for this system? Give your answer in
terms of A, T', Ny, and the function Q.

Give the impulse response of the filter that achieves the minimum error probability
(i.e., the matched filter). Simplify your answer as much as possible.

Give the optimum sampling time and optimum (minimax) threshold for the
receiver that uses the filter of part (b).

Find the variance o? of the output process when the input to the matched filter is
a white-noise process with spectral density No/2.

Suppose that the filter in the receiver is not the filter of part (b), but is instead a
filter with impulse response

h(2) = pr(t).

Give an expression for the output 5o () of this filter when the input is so(¢). Give
the value of 54 (¢) for all t in the range —00 < t < 00.

For the filter of part (e), find the maximum value of § (1), where the maximization
is over all 7 in the range —co0 < ¢t < oo. (Note: This part can be solved
independently of the solution to part (e).)
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5.18 Consider the communications system shown in Figure 5-4. The noise process X (¢) is |
a white Gaussian random process with spectral density Np/2, and the signals s (¢) and
$1(t) are given by

si(t) = (=1)'A pr(t)

fori = 0andi = 1. The threshold is ¥ = 0 and the sampling time is Ty = oT for
0 < o < 2. Investigate the effects of the sampling time by finding the error probabilities
P, and P, ; in the following two cases:

(a) The filter is a linear time-invariant filter that is matched to the signals; that is, the
impulse response is

h(A) = 5o(T — 1) — s((T — A).

Give P,g and P, interms of o, A, T, and Np.
(b) The filter is an integrate-and-dump filter with output given by

Ty
Z(Ty) = / Y(t) d.
Q

Give expressions for P, o and P, ; in terms of &, A, T, and Ny.

(c) Express your answers to (a) and (b) in terms of a, £, and Ny (where & is the
. energy per pulse), and compare them.
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5.21 The signal set {sy, s;} is antipodal and so(z) = exp(—#?) for all . The channel is
an AGN channel with zero-mean, wide-sense stationary noise having spectral density
Sx (w). The received signal plus noise is filtered with a time-invariant linear filter. The
output of the filter is sampled at time T; and compared with a threshold y = 0 in the
decision device. Assume that the noise is white with spectral density Sy (@) = Ny/2.

(a) What is the impulse response of the optimum filter?
(b) If the optimum filter is employed, what is the probability of error for this system?

(c) For the filter you obtained in part (a), what is the signal component at the output
of the filter at the sampling time if so(¢) was actually transmitted?

5.22 Repeat Problem 5.21(a) under the assumptions of that problem, except that the noise
now has spectral density

Sy(w) = 1/(0* +a?), —o0<w< 00,

where « is real and positive.




|
|

MBP 5.2t (r\o{‘ as:tﬁne‘l)

rA

-

)= e teR (Siqnats wat Hie limited)

= _.-S‘ (“"j

S ey = N (pwan)
T

Filler SaMFl¢c1 ot =T, Thresheld Y =o.

&

»(a} @PL Ci“—cr ts a MF lLowever canuwot be wwu:L_ ca usal
are wet tume Limiled.

€

Smee Siﬁwals €, g |

%MF(‘F) = < [Sc(T;’t) - sl(n"-&{] = 2 SOCT;_-t)

JD) + Cc—) Compu’ﬁ'&. Wains via X eV ro. Pm\s cmcl S\«jw@" c;ampemﬁuil

(& HF cu{“{:u.i“ at e TS jwew Se.

SHR o HF & (an#ipe&a\) AM&NW

2 €
SR = \/—: _ o
— 2. -‘Z.'E"z'

E = Ea= &l‘z J(@_t)i'ﬁ’ -.—.-.Z[é dt

<
e (RS '—-t’_—_s-w’

)

Ve

Meégf '{'0 aKF(‘ﬁSS & O C‘l’é@u.SS\.che W\‘(‘ejr‘a‘ Cér e\!&lua““d"ﬂu

pQCa u oo

&
( J --w(/w‘z. N L
€ X it L
Vaw &
[«

v ~2ts > “’ﬁZ.s V7= (08) /‘2.(0 S’)
JC dt = J e + ﬁ@g)
o o o

= {ex (6.8) “-};



Therefore

N, Mo
o - é/\l—“l
Fejm - Q(SNK> - Q ;iﬂo>
HE oitpud @ E= T, o

saxk () = Jso(x)h(‘r;k) d X =.—jso(n Zes,(d) dx

e

== ZQJSZ(H N = 2c &

== Zcﬁzmﬁ




MBP S.ztw
Same as  keflore exceF{- let Sﬁ(us\)‘:

where. o > ©.

wh + K

F;r Ce(cr‘ec‘s M.o!'s,e. Caste We Cc'u.m.i ‘HM';_ HME ""e la»z..

s k X
-ywle So(w) _ Sg ()

MHF () = ce
Sx(m)
—yw T A
— 2. c e.é S: (U-’} ﬁ”‘: (“3)
Sy (&) - Sy ()

wﬂﬂ&?e— HHF‘(“’) (s ‘Huz. MF ’gr‘cwn Fro’ole.m c.el.

HHF_; (w) = <w1+ dt} (,:iﬂp (0)

i 3

. Y 2
hye (6) = — £ hye © + by €60

I

Sw;.c,e. ~—C‘3w')l= u.sz awi diffecentialien wm ‘H&t_ ‘l"n;n_c,
Qorres{:wis +<> muld, !cj Jee Hee Frecg.

demain

Aam.a.t vi




| |
T, ~(Te-ed™
t) = 2ec e
" -t —(T,-&)*
ﬁ;F(%) = C e ° - Z_C,T_o‘-t'.) =3 4'C. L’T;_t)e_
-— 'l"'o--e;)?- —(12 tr')L
AC‘I;F’ (e) = "‘Aff—&( o+ Fe (-t e - (To-6)
— (T -t)" 2 _(T-¢)
= —4dc c + fc (TL-t) =
2
~(T°_’t)2— {2‘ (T_o-'t) __{]
= 4c e
LY L’E ()
= - o
L\HF © IqHF: <{-)1+— " 2 — (Tt
;@—" ) [ — ?_(‘ro—t)t] + e e
= 4c
~ e, (1-2(r-") + «L}
() == J¢ e






