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The purpose of this investigation is to observe linear equations in two and three variables where the system constants have known mathematical patterns. After understanding and analyzing the pattern, we can use our knowledge from other areas of mathematics to come to a conclusion relating these constants to the system solutions and forming conjunctures for the same. 
The general form of a linear equation in two variables can be written as follows:
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;
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 are variables 
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 are constants 

Let us consider the first set of linear equations:
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x+2y
2x—y = —4-2





Here, the constants of the two equations are: 
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We notice that the constants in the first and second equations, increase and decrease respectively by the same amount. That is, they have the same common difference. Therefore, the constants are in arithmetic sequence. The first set of constants has a common difference,
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 And the second set of constants has a common difference,
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.

On solving the equations:

Algebraically: 
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Graphically (using a graphing software):
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From the above graph, the intersection point (solution) of the two equations is at (-1, 2). 
In order to obtain a pattern in the relationship between the constants in arithmetic sequence and their solutions, we need to consider and solve a few more examples of the same manner.
Example 2:
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The constants of the two equations are in arithmetic sequence: 
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Solving the equation:

Graphically: 
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From the above graph, the intersection point (solution) of the two equations is at (-1, 2). 

Example 3:
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The constants of the two equations are in arithmetic sequence:
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From the above graph, the intersection point (solution) of the two equations is at (-1, 2). 

Therefore, it can be observed from the above examples that the solution of the set of linear equations always remains the same despite the change in the common difference (2, 3, -1/2, 3/2 etc) when the constants are in arithmetic sequence. 
Consequently, we can form a conjuncture that, if the constants of a [image: image68.png]2X2



 linear equation set are in arithmetic sequence, the solution for the set of equations will always be [image: image70.png]
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The general form of the nth term of an arithmetic sequence is given by: [image: image74.png]+(n—1)d




.
The conjuncture can be expressed as:

If,

[image: image76.png]ax + (a+ d)y = (a + 2d)
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Then, [image: image84.png]x=-1; y=2




Proof:

[image: image85.png]1X A — Aax + Aay + Ady = Aa + 2Ad
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         [image: image89.png]y(Ad + aD) = 2(Ad + aD)












Substituting y = 2 in equation 1 to find ‘x’,




                      [image: image91.png]l1sax+2a+2d=a+2d
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Therefore, the solution set obtained is [image: image95.png](—1,2).




Hence this conjuncture is proved. 
This can be observed graphically as well. The following is a graph of all the sets of equations of the above examples on the same axes. 
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x:-10





Hence, it is clear that they all meet at the same point (-1, 2) and thus have the same solution. 


We can now expand our investigation to a [image: image98.png]3x3



 system of linear equations. For this, let us consider the following sets of equations: 

Example 1: 
[image: image99.png]3x+2y+2=0-2
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{ x+3y+5z=7-1




Constants of the above equations are as follows:
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On solving the equations algebraically (by eliminating ‘[image: image119.png]


’):
[image: image120.png]Eq.1X3 - 3x+9y+152=21
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                    (-)     (-)      (-)    
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          [image: image134.png]y+2z=3-b




After eliminating the ‘[image: image136.png]


’ variable, we get two new equations [image: image138.png]
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. Since equations[image: image142.png]
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 are the same line,[image: image146.png]y+2z=3
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system of equations will have infinite number of solutions along this line. 
Example 2:
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Constants of the above equations are as follows:
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Solving the above equations by eliminating ‘[image: image163.png]


’ we get,

                                                     [image: image165.png]Eq.4 — 5x+3y+z=—
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Here, we eliminate the ‘[image: image184.png]


’ variable and obtain equations [image: image186.png]


 and [image: image188.png]


that are found to be the same line again, [image: image190.png]


 Therefore, this [image: image192.png]3x3



system of linear equations also have infinite number of solutions along this line. Let us examine a final example where we eliminate the ‘[image: image194.png]


’variable. 

Example 3:
[image: image195.png](x + 11y +21z=31-7
{ 6x+4y+22=0-8
6x +8y +10z =129




Constants:
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Solving the above equations and eliminating ‘z’ we get,

                                                     [image: image209.png]Eq.7 — x+11y+21z=31
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                                                                      (-)     (-)      (-)      
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   [image: image216.png]Eq.8 X5 — 30x+ 20y + 10z=0
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         [image: image220.png]24x + 12y = —12
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After eliminating‘[image: image224.png]


’, we are once again left with the same line, that is, [image: image226.png]2x+y=—



. Finally, as seen in the previous two examples, there are infinite numbers of solutions possible for this equation set. 
 Therefore, we can state that in a [image: image228.png]3x3



 system of linear equations, where the constants of the system are in arithmetic sequence, there are always infinite numbers of solutions possible along one of the following lines:
1. [image: image230.png]y+2z=3-b




2. [image: image232.png]



3. [image: image234.png]2x+y=-1-b




That is,

If,

[image: image236.png]a;x + (a, +dy)y + (a; + 2d,)z = a, +3d,
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[image: image240.png]a,x +(a, +d,)y+(a, +2d,)z =a, +3d,
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[image: image243.png]azx +(a; +d3)y+ (az +2d;)z =a; +3d; = 3




Then,

The set of linear equations will have infinite solutions. 

Proof:
[image: image245.png]1Xa, > aya,x + aya,y + ayd,y + aa,z + 2a,d,z = aya, + 3a,d,



 
[image: image246.png]2Xay; > aja,x +aya,y+ ayd,y +aya,z + 2a,d,z = aya, +3a,d,




              (-)          (-)           (-)           (-)          (-)                (-)       (-)

                  ([image: image248.png]a,d; —a,d,)y + (a,dy — a,d,)2z = (a,d; —a,d,;)3 > A




[image: image250.png]2 X a3 = a,03% +a,a3y + a3d,y + aya;z + 2a;d,z = a,a; + 3a3d,



 

[image: image251.png]3X a;  a,a3% +a,a3y + ayd;y + ay0327 + 2a,d3z = aya; + 3a,d;




              (-)          (-)           (-)           (-)          (-)                (-)       (-)

                  ([image: image253.png]azd, — a,d;)y + (a;d, — ayd;)2z = (azd, — a,d;)3—> B




On examining the constants of equations A and B we see that the ratios of these constants are in fact equal, that is, 
[image: image254.png](a2d; —ayd;) _ (apdy — aydy) _ (ad; —ayd;)
(asdy —ayds)  (Gady — Gpdy)  (aady — apds)





Therefore these equations have infinite solutions as the lines overlap. 
Hence the conjuncture is proved. 

We can view the same result graphically as well, by graphing the [image: image256.png]3x3



 system in a three dimensional plane. We can see from the graph that all these planes intersect at a line giving us the infinite numbers of solutions. 
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So far we have been dealing with constants that are in arithmetic sequence, that is, where the next term is obtained by adding or subtracting a constant value to the previous term. We can also explore the patterns formed by constants that are in geometric sequence. Consider the following [image: image259.png]2X2



 system:
[image: image260.png]{x+2)’ 4-1





Constants of the above equations are as follows:
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          [image: image268.png]



Therefore, the constants are in geometric sequence have a common ratio where the next term is obtained by multiplying a constant to the previous term. 
Now, by rearranging the equations into the [image: image270.png]y=ax+b



 form, we get,
[image: image272.png]y=—3x+2



 
; 
[image: image274.png]



We can observe that ‘[image: image276.png]


’ is actually the negative reciprocal of b, that is,  [image: image278.png]



In order to better understand the nature of these equations, we need to graph them. The following contains ten equations of the same nature graphed on the same set of axes. They are color-coded in order to relate them to their respective equations. 
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Thus, it can be observed that a hyperbola (in yellow) forms in the negative region of the x-axis as the lines do not have any negative x-intercepts. A parabolic equation is modified by process of trial and error in order to achieve the equation for the hyperbola which is found to be: 
[image: image300.png]



The positive portion of the hyperbola is given by[image: image302.png]y=—4x



, and the negative portion of the hyperbola is given by[image: image304.png]


.
All the lines appear to be tangents to this hyperbola because all values that lie within this hyperbola are imaginary as they involve square-rooting a negative number. 
General form of a geometric sequence is[image: image306.png]ar™™?



.
Therefore linear equations with constants in geometric sequence is of the from,

[image: image307.png]ax +ary =ar® -1
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Using method of elimination to solve the equations we get,



                 [image: image311.png]1X A - Aax + Aary = Aar®
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    (-)       (-)            (-)
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Therefore, the solution of the system is[image: image323.png](—TRr +R)



. This means that the [image: image325.png]


-value can be obtained by negating the product of the two common ratios. And, the [image: image327.png]


-value can be obtained by adding the two common ratios. 
We can check this by considering our first example:
[image: image328.png]xt+t2y=4-1

Sx—y=z-2





Considering our conjuncture, the solution set of the above set of equations should be [image: image330.png]



Let us verify this graphing the two equations: 

[image: image331.png]



From the graph, we obtain the intersection point to be [image: image333.png](0.4,1.8)



 which in fraction form is[image: image335.png]


.

Therefore,[image: image337.png]


.

Hence our conjuncture is proved. 

In conclusion, we have investigated the various arithmetic and geometric patterns that appear in [image: image339.png]2X2



 and [image: image341.png]3x3



 systems of linear equations. We have found that in a [image: image343.png]2X2



 system where the constants of the equations are in arithmetic sequence, the solution set is always of the form[image: image345.png](-1,2)



. In [image: image347.png]3x3



 systems that follow the same pattern, we have observed that there are infinite solutions as the planes intersect at a line. As for geometric sequences, the lines appear to form tangents to a hyperbola with equation[image: image349.png]y=+V/—4x



. The lines do not cut the negative portion of the [image: image351.png]


-axis that lies under the hyperbola as these values are imaginary. And finally, the solution set for a [image: image353.png]2X2



 system of linear equations with constants following a geometric sequence is always[image: image355.png](—ve product of the common ratios,sum of common ratios)



 [image: image357.png](-rR,r +R)



.
�





�





�





�





�








