
Real Analysis Qual Prep Summer 2009
Assignment 5: Lp Spaces

1. Let (X;F ; �) be a measure space, f 2 Lp(�); 1 � p � 1. Suppose thereexist sets En satisfying �(En) = 1=n for all n. Show
limn!1(n p�1p Z

En jf jd�) = 0
2. Verify that for every measurable function f on (X;F ; �), and 1 � p <1,

RX jf jpd� = R1
0

ptp�1� fjf j > tg dt
3. If f � 0, show that

f(x) = R1
0

�ff>tg(x)dt
4. Let I = [0; �]. Show that RI x�1=4 sin(x)dx � �3=4. Hint: my 161 studentscould get a better bound.
5. Let I = [0; �] and f 2 L2(I). Is it possible to have simultaneously

RI(f(x)� sin(x))2dx � 4=9
and

RI(f(x)� cos(x))2dx � 1=9?
6. Find an example of a proper non-trivial closed subspace of L2([0; 1]) andan example of a subspace of L2([0; 1]) that is not closed.
7. Let (X;F ; �) be a measure space. Find all functions f : X ! [0;1)satisfying

jjf jjpp = jjf jj1 <1
for all p > 0.

8. Let (X;F ; �) be a �nite measure space. Let fn : X ! [0;1) be suchthat jjfnjjp � 1; 1 < p < 1, and fn ! f a.e. Show that f 2 Lp(�) andjjfn � f jj1 ! 0.
9. True or false: If fn 2 L1([0; 1]) and fn ! 0 in L1, then fn ! 0 a.e.
10. Let f 2 Lp(Rn); 1 < p < 1. Compute

limjhj!0

Z
Rn jf(x+ h)� f(x)jpdx
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11. Assume 1 < p < 1; 1=p + 1=q = 1; f 2 Lp; g 2 Lq.
(a) For x 2 R, let Kx(y) = f(x� y)g(y). Show that Kx 2 L1.
(b) Let h(x) = R f(x� y)g(y)dy. Show that h is bounded.
(c) Show h is continuous.

12. Let (X;F ; �) be a measure space, 1 � p1; p2 < 1. Suppose there existconstants c1; c2 such that
� fx : jf(x)j > yg � cjypj ; j = 1; 2, for all y > 0.

Show that f 2 Lp(�); p1 < p < p2. Hint: Use Problem 2.
13. Let (X;F ; �) be a �nite measure space, 1 < p < 1. Suppose fn ! f a.e.,jjfnjjp � 1 for all n. Show

RX fngd�! RX fgd�
, for all g 2 Lq(�); 1=p + 1=q = 1.

14. Let f 2 L1(R) \ L2(R) and let f0(x) = xf (x). Show that
jjf jj1 � (8jjf jj2jjf0jj2)1=2.

15. Let (X;F ; �) be a measure space, 1 < p < 1. If fn; f 2 Lp(�) andRX fngd�! RX fgd� for every g 2 Lq(�); 1=p + 1=q = 1, show that
jjf jjp � lim inf jjfnjjp.
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