MAJ504 Recitation, 12/9/9 Bridges Fall 09

1. Let A and B be measurable, and show

p(AUB) 4+ u(ANB) = u(A) + u(B).

2. Show TFAE:

(a) A is measurable.

(b) For ever ¢ > 0 there is an open set O such that A C O and
(O —A) <e.

(c) For ever € > 0 there is a closed set F' such that A O F and
pr(A—F) <e.

(d) There is a G set, say G and a set of measure 0, say N such that
A=G—-N.

(e) There is an F; set, say F' and a set of measure 0, say M such that
A=FUM.

(Hint: reduce to the case A C [0, 1].)

A G5 set is a set of the form U32,0; with O; open, (G for open in
German and ¢ for product in 777?)

An F, set is a set for the form M52, F; with Fj closed, (F for closed in
French and o for sum in French as well).

3. Show all set of outer measure 0 are measurable.

4. Show A is measurable if and only if for every open set O,
(0 — A) = p*(0) — p(A).

5. Since u(Q) = 0, and g = p* on the measurable sets, we know that given
any € > 0 there is some open set, O such that Q C O and p(0O) < e.
Exhibit such an O.

6. (a) Let {a,}n be asequence, and notice this means a : N — R. Endow
N with the counting measure, i.e. p({n}) = 1, and inductively

p({n,...,ni}) = k. What is [ a(n)du(n)?
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(b) Suppose for each k& € N we have a sequence {ag(n)}, such that
ag(n) < agy1(n).Show

liin zn: ar(n) = zn: lilgn ag(n).

. Suppose f, are measurable, f, — f (pointwise), and there is an inte-
grable function g such that f,, > g for every n. Show
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Hint: Start with g = 0.

. Let f be measurable, and ¢ > 0. Show there is a continuous ¢ such
that |f — g| < € except on a measurable set, A with pu(A) < e.



