MA544 Qual Review exam 1 Bridges Summer 08

1. Let E7 and E3 be measurable, and show |EyUEs|+|E1NEs| = |E1|+]|E2l|.

2. (a) Let {¢1,92,...} be an enumeration of the set of rational numbers in
(0,1). Define f :[0,1] — R by

2 =g,
(=)= { 0 otherwise

Is f of bounded variation? Why?

(b) Give an example of a function f : [0,1] — R such that f = 0 almost
everywhere and f does not have a bounded variation. Justify your
answer.

3. Let f, : R — R, measurable with f, > f,+1 and f, — f pointwise.
Suppose also there exists g € L' with g > f,,. Show limy, oo [ frn = [ [.

4. (53) Let f, € LP([0,1]),1 < p < oo with ||fn|l, < 1 for all n. Set
Fo(z) = [; fa(t)dt. Prove that F, has a subsequence which converges
uniformly on [0, 1].

5. (I-4) Suppose f : [0,1] — R is differentiable at every x € [0, 1] where by
differentiable at 0 and 1, we understand that as left and right differentia-
bility, respectively. Prove that f is continuous if and only if f is uniformly
differentiable, i.e, if and only if for all € > 0, there is an hy > 0 such that

flz+h) - f(z)

o —fl(x)] <e

whenever 0 < z,z 4+ h <1 and 0 < |h| < ho.



