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EE-602
Exam |
February 2, 2006

140 Point Exam
INSTRUCTIONS

Thisisa closed book, closed notes exam. No calculator ispermitted. Work patiently,
efficiently, and in an organized manner clearly identifying the steps you havetaken to solve each
problem. Your gradefor each problem depends onthe COMPLETENESS, ORGANIZATION
and CLARITY of your work aswell astheresulting answer. All students are expected to abide by
the usual ethical standards of the university, i.e., your answersmust reflect only your own
knowledge and reasoning ability.

Thereareatotal of 14 pages.

Good luck.

PART 1. SHORT TAKES (45POINTS)

1. (8 pts) Suppo® amulti-inputmulti-output system is characterized by the set of differential
equaions

$(t) + ¥ (1) +ag[ya(0) | y2(0)] =sin(t ! Duy(t)! agsinftup(t)]
Yo (11 t) + Y (t) + bpya(t) = Up(t)
In theaboveset of system equéions

(@) Wha termsif any make the system nonlinear?
(b) What terms if any make the system time varying?
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(c) Wha termsif any make thesystem causal or notcausal?
(d) Wha terms if any make the system lumped or distributed?

2. (5pts) Itisknown tha anoncausal system islinear andtimeinvariant. Therespon of this system
to theinput u(t) =1*(t) is y(t) = (2! e H1*(t). Determineas much of therespon ¥(t) as possible to
theinput

23 T T T T T T T

tinne

y(t) =

3. (3pts) Repeet 2 for theinputbdow.

2.5 ‘ ‘ ‘ T ‘ T T

tima

@) =

4. (13pts) (a) (2pts) Statethedefinitionof alinear system L:U > Y.
(b) (3pts) Provetha L(O! function)=0! function
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(c) (8pts) Provetha asystem N:U! Yislinear if andonly if
N[ equy (8) + Uy (1) ] = N[y (1) ]+ N[ up(1) ]

5. (16pts) (a) (3pts) Statethedefinition of zero-inputzero-output causality.
(b) (3pts) Statethedefinition of causality for ageneral (nonlinear) system.
(c) (10pts) Provetha for alinear system, the (correct) definitionsof (a) and (b) are equivalent.

PART 2. REAL PROBLEMS

1. (20pts) (a) (9pts) Provethatif AA, = A A and 4= 4, + 4, then e” = e
(b) (11pts) Usetheresult of pat (a) and another result (or two) from the class notes to condruct the
solution, X(t) to X = Ax (to the maximum extent possible), when Xx(t,) = x, and

# 1 0/0&

2. (20pts) (a) (10pts) Many mechanical systems have amatrix differential equéion modd of the
form

M{grw D@+Kq =Bu

whereq(t) ! R" represents a vector of generalized displacements, M isan! n matrix of masses, D isa
n! nmatrix of damping coeficients, andK isan! n stiffnessmatrix. Definea state vector of theform

|
X= #32 and congruct ahomogeneousstate modd for thegeneralized mechanical system. Wha
7

conditionson M are sufficient for theexistence of the state modd?
(b) (10pts) Theequaionsof motion of atwo-mass two-spring system on a horizonta frictionless
surface are given by .

=k x +ko (X! xq) ity

My =1ko (% ! X))+ p
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Write these equaionsin theform of ageneral driven mechanical system and use theresult of pat (a) to
write down the corresponding state modd.

3. (20pts) Thenoninear state modd of thevertical ascent of arodket abovetheearth'ssurfaceis
given by theequaionbdow where x; = r isthedistance abovetheearth'ssurface and R isthe
distance from the center of the earth to the surface, on average. The quantity m isthemass of
therocket and g is the acceleration dueto gravity.

! X2 $

o # &
e : | &
i g= £,
%% 5 o R ¥ 1rpe
# )X t+R, m 1

(a) If thethrug T(t) = T* isapostive congant, find the congant equilibrium solutions
(b) Findthelinearized state dynamics aboutthe congant equilibrium solutions Designae the congant

equilibrium solutions by T*, XI, and x*z. Use this notationin your answer!

4. (23pts) Consde the state dynamics
11$
X(t) = Ax(t) + Bu(t), x(2) = # &
"1y,

1
where A=aM wherethematrix M satisfies M2 = M and B=$.
7

(@) (5pts) Showby indudiontha A hasthepropaty that 4* =a*M .
(b) (8pts) Derivetheformula e =1+ME ! 1).

"2 1% oot e
c) (10pts) If M = v and u(t) =e* 17 (t) findx(0).
(c) (10pts) $ 11g ) ( (0)
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5. (12pts) Identity DC-gan for such a state model

X(t) = Ax(t) + Bu(t)
y(t) = CX(t)

meanstha for any condant m-vector u, there exists a congant n-vector X, such thet

0= Axy+ Buy,
Yo=C% =y

ASSUME: if there existsam" n matrix K such that (A+ BK)! 1 exists, then C(A+ BK)! B is
invertible.

PROVE: if theeexistssam"n matrix K such that (A+ BK)! 1 exists, then am" m matrix N exists for
which the state modd
(1) = (A+ BK ) x(r) + BNu(r)

y(6) = Cx(t)
hasidentity DC-gan.

Name: BRIEF SOLUTIONS

EE-602
Exam |
September 15, 2005

130Point Exam

INSTRUCTIONS
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Thisisa closed book, closed notes exam. No calculator ispermitted. Work patiently,
efficiently, and in an organized manner clearly identifying the steps you havetaken to solve each
problem. Your gradefor each problem depends onthe COMPLETENESS, ORGANIZATION
and CLARITY of your work aswell astheresulting answer. All students are expected to abide by
the usual ethical standards of the university, i.e., your answersmust reflect only your own
knowledge and reasoning ability.

Thereareatotal of 14 pages, some T-F and FIB, & 6 problems.

Good luck.

PART 1. (25PTS) TRUE-FALSE AND FILL-IN-THE-BLANK. Writeout theword TRUE or
FALSE or lo® 3 pts. In answering the True of False, 2 ptsfor correct answer, 0 ptsfor no answer,
and Bl pt for incorrect answer. Avoid guessing.

1. (4pts) A linear timeinvariant lumped system hasrespon y;(t) to thetheadmissible input iy (¢)
andtherespon® y,(t) totheadmissibleinput u,(t). Wha istherespongto Uy (t—T)— Bu(t+T)?

Yt =T)=Byo(t+T)

o
2. (T/F) (2pts) A system isrepresented by theconvolutionintegral y(t) = #H (t,q)u(g)dq. If

H(t,q):[tqf(t) t—q},thewstemiscausal. FALSE Notethe H(L2)=[2 !1]" 0.

3. (T/F) (2 pts) Forthelinear differentia equation Y(t)+ aq¥(t) + asty(t) = u(t), theresponse to
fut" T)is!y(t" T), T>0. FALSE (timevaryingdiff eq)
4. (F-1-Blank) (6 pts) A causal timeinvaiant lumped system has therespong y(t) to the admissible

inputu(t) = gl1"(t)-1"(t-T)| for T >0. Thmtherespons:totheneNinputzi(t) =115¢" 27) is

#y(t! "
(specify dl timeintervas): Yt =&Yt 21 18T
oginknown t>3T
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5. (6pts) Suppoe amulti-inputmulti-output system is characterized by the set of differential
equaions

0+ a0 3, 51(0.25! 1) +y, (0§ L (©)Y,(1) ! € 'uy(t)
YO+t Y0y, (1) = uy(t)
In theaboveset of system equdions
(&) What termsif any make the system nonlinear? u;(t)y;(t) and y; (t)y,(t)
(b) What termsiif any make the system time varying? ¢ tu2(t) and ty, (t)
() Wha termsif any make the system causal or notcausal? y,;(0.25! t)
(d) What terms if any make the system lumped or distributed? y, (0.25-t)

6. (5pts) Suppo® a2ndorder linear lumped time-invariant causal state modd has scalar output y(t) .
If thezero-inputresponge to x(0) = 41 OgT is y(t) =t1"(t) andthezero-inputsystem respong to

x(0)=%0 ! 1§T0 is y(t) =t Y*(t). Findthezero-inputsystem respon to theinitial condition

X(T)=¢ @ JT>00 y,, (=0 @ D@ T)" #" T)e @ D1 1)

PART 2. PROBLEMS

1. (12pts) For this problem youmay notsolve the equaionsor use a solution form as abasis for
proving linearity.

(a) (2pts) Statethedefinition of alinear system denoted by the opaator L aswas donein class.
(b) (10pts) Provetha thezero-inputstate-respon of the state dynamics

X(t) = A(t)x(t) + B(t)u(t)
islinear intheinitia condition, x(ty), i.e., let xl(to) and x2(t0) betwo initial conditionshaving state

responss, xl(t) and x2(t) respectively for t! ty. Provetha an arbitrary linear combination of theinitial
states yieldsthe same linear combination of the zero-inputstate-respongs.

(a) Seenotes
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(b) For zero-inputstate response, the state dynamics %(t) = A(t)x(t) + B(t)u(t) reducesto
K(t) = A(X(t). Let xl(to) and xz(to) betwo initial conditionshaving zero-inputstate responses
xl(t) and xz(t) respectively fort! t,. For arbitrary # and#,,

d X +1 %) _, o), o)
dt Ty g
= LADX 1)+ AWK ()
= A)( X +! X2 (1)

Hence, #,x(t) + #x%(t) isasolution of the differential equation %(t) = A()X(t). Let x(tg) =
#1x1(to) + #zxz(to) bean initial condition having zero-inputstate respone x3(t) fort! ty. Note
that x3(t) and #x(t) + #x(t) areequd at t = t, (., sameinitial condition), and both solutions
satisfy the same differential equation, ¥(t) = A(t)x(t) fort! to. It follows fromtheuniqueness

theorem that x3(t) = #1x1(t) + #zxz(t) fort! ty. Thus an arbitrary linear combination of the
initia states yieldsthe same linear combination of the zero-inputstate responss.

2. (25pts) Thestate modd of a software test processis given by

I $ LO 1?L!x
#1&=# '2&#1& (Equéion 1)
#08 5 Ws T@#ng

where x; isthenumber of errors remainingin asoftware produd and x, isthevelodty with which the
workforce, denoted w; (" 0), findsandfixestheerrors. ! isthequdity of theworkforce andisa
number between zero andone Both w; =y, and ! =u, areinpusto thesystem and are fundionsof

timein geneal.
(a) (4pts) Isthesystem: causal or noncausa, timeinvariant or nottime invaiant, linear or notlinear,
lumped or distributed?

(b) (4 pts) Determinethe condant equilibrium solutions xr and x; given condant inputs of

u=w; ! 0andu,=!""0.

(c) (6pts) Now suppotha /, ="0.4, U] =w; =5 (fivetesters), u, =/~ =1 (highest qudity), and
! 3="3. With these parameter values,
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'$ 11 1$'1 0% 2 19 xS
#U&=4 & &%
o "1 2050 204" 1 ' logx,g

* * T
Find the non-condgant nomind solution vector x* (t) = ;P& ng) assuming x,(0) = R, isthetotal

number of errors present in the software produd and x,(0) =0, i.e,, theinitial speed with which the

testersfind errorsis zero.

(d) (11pts) Linearizethesystem (Equétion 1) aboutthenomind solutionsNOT thecongant
equilibrium solutionsof part (b). Write down thecomplete linearized perturbation state modd of the
system in terms of thevariables x* and u*, NOT their values as computed in (c).

Solution. (a) causa, timeinvariant, notlinear, lumped.

(b)
10 1%« .
0s_# -, &Xs . XP io0s
fole # 28 ) .8 ok
S eos wog )
©
;#Xl(t)$:!1 1get 082 18 xO$_ 11 1slet 032 1&%3
g T 28k dagh b0 T 28k cagh 1850y
(d)
g0 Llgy ﬁo 1
CCRrE RN R S
. , $0 0
B(t) = L ?L 0 .,l gixl g; _ g; « 0" 2X;
T &y, 2 / &M
1Ws &2/ |2
+8 #PO & (#)%
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3. (15pts) Theequaionsof an electrogatic microphoné are

Rd—Q+9h! E=0

dt B

d’h  dh Q?
— +u—+k(h! L) +==F
mdt2+udt+ ( )+ZB

where h is the displacement of the diaphragm from the backplate, C is the capacitance between the
diaphragm and the back-plate, E is abias voltagein thecircuit, Q isthechargeontheinternd capecitor,
Fisthetotal force exerted onthediaphragm by one's voice and is assumed to be uniform. Thevarious
congants of themodd are as follows: m is the combined mass of the diaphragm and theair accel erated
by thediaphragm, 1 is the damping condant, k is the elastic congant of themicrophone L denotes the
diaphragm postion when noforce acts on thediaphragm, Risaresistance, and B! hC isan
experimentally determined congant.

Choos an appropriate set of state variables denoted by x, i=1! ??(youmus determinethe prope
number of state variables) and then congruct a (nonlinear) state modd of the electrogtatic microphore..

Solution. Let x; =0, x, =h, and x; =h. Then

1 1 1
R +=XX%, ! E=0 b=-—xpx,+—E
B 1 implies Ri 11: 1
X, + +K(x%, ! L)y+—x?=F Xty =— 2_ = 7L7E +—F
M (X2 ) ZBX1 3 ZBmx:L m(x2 ) mx3 m

Therefore thenoniinear state modd is given by

! | X2+1E $
Ix$ # =R =y &
#lg # RB R &
# &= # X3 &
'#*3(5/(0z 1 X2 h( t Ly LV Fg
% 2Bm | m 2 m’3 [
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1M1 0% d d
4. (32pts) Condder thestate dynamics X = Ax where A= #M*]-*#"***& isablock diagond matrix *(TeDtT! 1) =T*(6Dt)T! 1= TDePT! L= TDT! HePr!
wiVlp { MSO/C dt dt
. "1y "I0% "0 1Y
with M;=¢ 7, My=¢ ', M,=¢ _ ( Dt!l) Dt !1‘ .
1 3 2 =A[Te"' T 7|, Te"' T =TT " =1
# g #H e H0 lg k=0
1My 0% 10 0% . At _ 1oDtr!1
(&) State smplified conditionsonthe M; unde which # 01 i & and i i o0& commute. By theuniquenesstheorem, €™ =Te" T' .
" | 3% " 2 | 0/(

" s Mt Mt
(b) Findexpressonsfor e+, e 6. (11pts) Thematrix A isidempotent if =4 Compute asimple expression for e when A is

(c) FindaSIMPLIFIED expression for e™ . Gottadothemults. idempotent.
(@ 1f x@®=40 1 0 1§ findx(©).

! tk Lok MO k& -
Solution. e =" A =7+" 4—=1+4,9 —g)l/21+(e’)l)A
Solution. (@) (6pts) MzM, =M,M,. =0 K w=1 K ﬁzok! /
-
() Gpty M =e'1gh Y (apgeMs =€t g
# 1g Check: | +(e'! 1)% =1 and E(H(et! l)A):etA. But,
t=0

(©) (16pts) Observetha M;M, = M,M, (2pts). Therefore
IM; ] 0 M} 0810 |0

A= g Rl Sy
L TV TGS i, T

$ ) .

& isdecomposed as a sum of commuting matrices. Hence A(I+(e’ ! 1)A) =A+(! 1)A2 =A+( ! DA=¢'4
%
Thusour expression is correct.

03
&

Og (14pts)
0g P y

1§

@ _
& HSF
.
o r oo

(A (4pty € g1 1 17 1+
Name:

5. (10pts) Since e satisfies the matrix differential equaion M = AM, M(0) = | , use theuniqueness
theorem to showtha if A=TDT'?, then e = 727" 1. EE_602

o Exam |

=1. Obsrvetha

o September 21, 2004

Solutiion. We know from class result that %e’“ =AM, e

132 Point Exam
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INSTRUCTIONS

Thisisa closed book, closed notes exam. No calculator is permitted. Work patiently,
efficiently, and in anorganized manner clearly identifying the steps you havetaken to solve each
problem. Your gradefor each problem depends on the COMPLETENESS, ORGANIZATION

and CLARITY of your work aswell astheresulting answer. All students are expected to abide by

the usual ethical standards of the university, i.e., your answers must reflect only your own
knowledge and reasoning ability.

Thereareatotal of 12 pages, 6 problems.

Good luck.

PART 1. (30PTS) TRUE-FALSE AND FILL-IN-THE-BLANK. Writeout theword TRUE or

FALSE or los 3 pts. In answering the True of False, 2 ptsfor correct answer, 0 ptsfor no answer,

and B1 pt for incorrect answer. Avoid guessing.

1. (3pts) A linear timeinvariant system hasresponse yy(t) to theinputu;(t) andtherespons y,(z)
to theinput uy(t). What istherespongto uy(t! T)! "Us(t). yy(t! T)! "¥o(t)

n
2. (TIF) (2pts) A system isrepresented by the convolutionintegral y(r) = #h(r! q)u(q)dg . 1f
po

h(t)=€'17(! t), thesystem iscausal. FALSE

3. (T/F) (2pts) Forthelinear differential equation ¥(t) +aqy(t) + asty(t) = u(t), therespons to %
is w EALSE
dt

4. (T/F) (8 pts) A state modd isgiven by the equation
X(t) = Ay X(t) + But)
y(t) = Cx(t)
where v(t)! {0,1} isagivenfundion of time takingonly thevalues"0" or "1" so that at each t

Aty ! {A0, A} where Ay and A are two nxn congant matrices.
(@ Thesystem modd islinear. TRUE
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(b) Thesystemistimeinvariant. FALSE
(c) Thesystemislumped. TRUE
(d) Thesystemiscausa. TRUE

5. (T/F) (2pts) Suppoe A=A+ A, and A, and A, commute. Then e = 42/ | TRUE

t 1-t
6. (T/F) (2 pts) T(t):|:t . J isavaid time varying state transformation matrix. FAL SE

7. (8 pts) Forthestate modd
10 0%
X0, o0+ Bu)
(1]
yo) =[1 0]x)

(@) (2 pt9) Thenaura frequendies of thesystem are: O0Gind O0Gr O0Qwice

a 1103
(b) 3 pts) € 7#at 1§

(c) (3pts) Thezero-inputsystem respon to theinitial condition x(l):[l O]T is

C" L% 1fort! 1. (I tookth i
v = ort! 1 tookthezero-inpu state onse.
ﬁa(t! D ( p espong.)

11 0
8. (3pty) If A:;?: ggthm M=¢ #at 1?
7

PART 2. PROBLEMS

1.(12pts) A mechanical system is described by the coupled linear matrix differential equéion

1hs I31$ 'y$ 'R$
Ml#&‘z :MZ#ﬁzf%rMS#yz&z #Fzg
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where F| and F, areinputforces, each matrix M; is 2! 2, and M{l exists. Inwriting a state modd,
state variables are chosen as x; = yi,!% = ¥»,!x3 = ¥, and x4 = ¥». Compute Ayq, Ay, and B, inthe
matrix beow in terms of the M; -matrices.

X $ |x1$
#ng A111A12$x2 1B $I R

$
#2g_ 11 N2 X2 1

&
g ;Angygxgg ", %8

X4 04 X4 0

SOLUTION 1: Subdituting
1%3$ 1R 1% $
s My M 3. My
gy #sz% Mz o5 MMk 8

_mll T !l
By =Mi™ App =1 M1 "Mg, Ay =1 M1 "M,

Hence

2. (20pts) Thepredaor-prey modd of abiological system with the Bush administration adding qual
to thehog popuktionin which huntingis open to people with Lugasis:

Ciji:' =gH! ¢PH+ dlu

dpP
—=layP+coPH
dr 2 2

where (i) ay, &, €y, Cy, and d,; are al nonzero postive values unejud to each other, (ii) a;H isthe
uninhibited hos® growth rate, (iii) -c,PH represents the decrease in growth rate dueto the presence of

parasites, (iv) -a,P represents the natural desth rate of the parasites, and (v) theprodud term, c,HP,
modds the dependence of the growth rate of the parasites uponthe existence of a hod.

(a) Determinenonzro condant equilibriumsolutionsH* (" 0) and P* (" 0) given a condant feed rate
u* ("0).

(b) Linearize the system aboutthese nonzro condant equilibrium solutions Specify thelinearized
perturbaion state modd of the system in terms of thevariables P* and H*, NOT thevalues computed in
(a).

SOLUTION 2. (8) Consdder 0=—ayP*+c,P*H*=P*(c,H *-a,) = H =2 Hence
C2

O=aH* 1 e H*+agur » Pr=3s B (o=@, 00 g g
cp CH* C ayt
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gl gP*  IgH* 9 a8 "l HY "
(b) A=§ ', B=¢ §,!x= vvand!x=Alx+Blu
C2P* C2H *1 ax8 09 Pg

3. (14pts) SuppoeA=TD Tl foran appropriate nonsngular matrix T. (Here D is often diagond,
but can be any matrix.)

(a) (6pts) Showby indudiontha ak=7pkTY
(b) (8pts) Use(a) andthedefinition of the Taylor seriesto prove Theorem 34, i.e., M =Tl L

SOLUTION 3. (a) By definition, A=TDT' L. Assume AK'1=TDK IT'1 Opsrve tha
Ak = pAk=L = DT L DKL = kT2

(b) Usingtheresult of (a)

M= #(TDT'l)kt —#TDkT'lt —T&# Dkt )T =Tl
i A K )

4. (22pts) Congder the state dynamics bdow inwhich T isasquae invertible matrix,

. TulI\AzoA%'l +T"Bl%
=Tg—1-"+ ¥ $u
#0 1 g #0¢g

(a) (12pts) Compute e and the zero-inputrespon to theinitial condition X(tg) = Xg-
(b) (10pts) Compute thezero-state respon to theinput u(t) = v! 1*(t) for some congant vector
vl R™.

w % "l \00/ uo\ o
SoLUTION 4. (a) (12pts) e =TeP'T' L where D = % 7"?1'2 = % bt 5)#%3 . The
I & &
" 1 Qo (..0\ 0/+ " ALY
matricesin the decompostion commute. Therefore ePt = & t g=+— expx A12 t = tg A .
e )Pl 0, P 1g

Findly
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I t! tg)9
x()=¢ ® oy 30”/}1727(7}92/0 ' .

| &
EE-602
1l % (1] I (t!
(b) (10pts) A DBy(g)=¢ T —@—ngi—q—)/T'l 0 gy =€ @ T R (0) | Hence Exam |
P e o September 17, 2003
emoper 1/,
#t ! Byv 1t ) BIv,
x(t) = op'e’ ¢ Vg T) T eHTh
fg (To - fo:

130Point Exam
INSTRUCTIONS

Thisisa closed book, closed notes exam. You are permitted only a calculator. Work
patiently, efficiently, and in an organized manner clearly identifying the stepsyou havetaken to
_ | solve each problem. Your grade for each problem depends on the completeness, organization and
Y+ay+agy =bou+ byl + ol clarity of your work aswell astheresulting answer. All students are expected to abide by the
usual ethical standards of the university, i.e., your answers must reflect only your own knowledge
and reasoning ability.

5. (12pts) Develop either the controllable or obervable canonical form (your choice) of the
differential equaion

See HW solutionsfor which this problem is quite similar.
6. (10pts) Condder the state dynamics X = Ax+ Bu where

Thereareatotal of 12 pages, 6 problems, and one extra credit problem.

0 110 o0 00
= —a | by by 5|t O Good luck.
o ojo0o 1 joo
dl d2 } -G - 01
1. (20pts) (a) (3 pts) Statethedefinitionof alinear system represented by an opeator L:U $ Y.
FindFintermsof g, b;, ¢;, and d; so tha (i) theresulting system is block diagond, and (ii) the (b) (3pts) Statethedefinition of atime invariant system represented by an opaatorN:U $ Y.
polynonial of thesystemis / a,ge (") = (.,2 o +1)(,.2 + ). (_c) (9 pts) Provetha thezero—state state-respon of the state dynamics, X(t) = A(t)x(t) + B(t)u(t), is
linear. Clearly state any assumptionsand what exactly you mug prove
SOLUTION: (d) (5pts) Suppo alinear time varying causal system has the known respon y,(t) to theinput
u() =1 (¢ +T)! 1°(+! T) forsome T > 0. What can besaid of therespong y,(t) to theinput
"ayll a!l b by u(t) =Kol*(t+T) for some congant K.

F= '
fdy 'dy ¢!l !l . . .
Solution(c) y; ! x fori=1,2 3where u3=ayy +apu,. Fori=1,2,3,
K (1) = A(t)x; (t) + B(t)u; (t). We will assume admissible inputsin which case x(-#) = 0. Now

:t (anxq + apXp) = ag ¥y + apXp
= A()agxq(t) + B(t)aguy (1) + A(t)apxa(t) + B(t)aguo(t)

Name: = A(t)[agxq (1) + azx2(t)] + B(D)[ gy (1) + auia(1)]
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Hence x3 and & x; + apx, satisfy thesame DE and IC at B%. Therefore by the uniqueness theorem they
coinddeand thelinearity is satisfied.

(d). Sincethesystem islinear and causal, fort $ -T, they,(t) =0 andfor BT $t $ T, y,(t) = Kgyy(t).

2. (12pts) A simplified modd of thevertical assent of arocket whose mass changes with timeis
approximated by

2
#(mo m(t))'jr;b (my + m(t))giR-+ #T(t)

whereR in milesistheearth'sradius r isthedistance of therocket abovetheearth® surface,
[mg +m(t)] = mg + mle"/lt isthetime varying mass of therocket with my, representing thefixed mass
of therocket, gisthe acceleration dueto gravity, and T(t) isthethrug, an inpu. Choo state variables

and write state equaionsfor this differential equaion. No outputequaion is needed.
Solution. Expandingthederivative,

i " o6
(o mO) 0 G = (om0 +TO)

Hence,
d’r oy m{t) dr " R%

a2 " (mg+m(1) dt” %& m0+m(t))

()

By inectionwith x; =1 and x, =% =,

% 2
— 2
[x’}j_ SO —9{5] D) LT

(mo+m(®) 2 Vg )  (mo+m(v)
3. (25pts) Thepredaor-prey modd of abiologica system with the Bush administration adding qual
to thehog popuktionin which huntingis open to people with Lugasis:

dinalH! ¢ PH+dju
dt

dp
=Z=1a,P+c,PH
dt 2! 2!
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where (i) ay, &, Cy, Cy, and d, are al nonzero postive values unejud to each other, (ii) aH isthe
uninhibited hos® growth rate, (iii) -c,PH represents the decrease in growth rate dueto the presence of

parasites, (iv) -a,P represents the naural death rate of the parasites, and (v) the produd term, c,HP,
modéds the dependence of the growth rate of the parasites uponthe existence of ahosg.

(a) (10pts) Determinenonzro condant equilibrium solutionsH* (* 0) and P* (" 0) given acongant
feed rate u* (" 0).

(b) (12pts) Linearize the system aboutthese nonzro condant equilibrium solutions Specify the
linearized perturbation state modd of the system in terms of the variables P* and H*, NOT thevaues
computed in (a).

Solution. (a) Condder 0="! ayP*+CoP* H*=P*(coH* ! ay) " H* =2 Hence

C2
= wgragr v pr=@, A _a do ‘o
O=aH*! c1P* H* +dqu Pr=—=+ ——y*=—=+—=%y* snceH* " 0.
. aH* o axq
gl gP*  lgH* 9 "I HY .
(b) Azg -# § § ,and ! x=Al x+Blu
coP*  cpH*! azg 09 P&

4. (25pts) SuppogA=TD T foran appropriate nonsngular matrix T. (Here D is often diagond,
but can be any matrix.)

(a) (6 pts) Showby indudiontha ak=TpkTY,
(b) (6pts) Use(a) andthed€initionof the Taylor seriesto provetha exp(At) = T exp(Dt) T

(c) (13pts) Showthat for any congant matrix A, diem = Ae andthen use the uniqueness theorem
t

to provethat if A;A, = A,A; then exp[Aqt] exp[Ast] = exp[(A, + A))t].

5. (12pts) (a) (4pts) StateLibnitz rulefor differentiation.
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(b) (8pts) UseLibnitz ruleto provetha the zero-state state respone to X(t) = Ax(t) + Bu(t) is
J A-9Byg)dg
to

See class notes.

6. (40pts) (a) (6 pts) Congder theblock diagoral square A-matrix of theform

A A 12] _

Allé 0

0 A
0 Ap

0:0

! ' M+N

where A;; are nyy n; respectively and Aq, isny« n,. Unde what conditionsdoes exp(At) =
exp(Mt)! exp(Nt) where N is nilpotent.

(b) (6pts) Unde theconditionsderivedin (8), compute an expression for the matrix exponential of A.

(c) Condder the state dynamics

ﬁﬁ) " 01 0& #}) Ofc
b 4
w() = (x(t) o Og(t)

£%01!"( $

(i) (11pts) Find e, Do notmultiply out!!!

(i) (5pts) If x(O=[0 0 1 0]T findthe zero-inputrespon® X,;(t). (Multiply out)
(i) (9pts) If ut)=[0 1" "1 (1), findthe zero-state respon X,4(t).

(iv) (3pts) What isthecomplete respone?

(v) (2pts) Computethenaturd frequendes of the system.

Solution. (8 MN =NM inwhich case Aj1A1, = ApAg,.

(b) By inspection, since N%=[0]
eAt — eAlt o |! A12t:|
o é&Mo 1

e® o 0o offtojto
At
om0 eM o ofj01to0
c) (l)e = I
© 0 o e* ofl0010
0 o X eXlo o001
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#!"t & | &
0 0 0&H 0]+ 088 # #&
‘% 't (o 11 (0/ O/ew', A
(il) x(1) =M x(0) =00 ¢ 0 o(g 1t g =0,
%o 0 " oEg@oM o "?'r(%(
0 0 " P oo P gt H
ﬁ;l 0/0 0<(&§!/1 0|: o0& ﬁ/b&
i) oA _ @ ‘J/gloo(og 111 Ol g, 1o+
(iii) e*"* Dpu(g)=' "¢ q)z@ 01 0% 01 0(2%‘2 11 (g)=e 053(1 @
Bo: AP oo 1 &

Hence

©R. A. DeCarlo



