Name:

EE-602
Exam Il
March 1, 2006

140 Point Exam
INSTRUCTIONS

This is a closed book, closed notes exam. You are permitted only a calculator. Work
patiently, efficiently, and in an organized manner clearly identifying the steps you have taken to
solve each problem. Your grade for each problem depends on the completeness, organization and
clarity of your work as well as the resulting answer. All students are expected to abide by the
usual ethical standards of the university, i.e., your answers must reflect only your own knowledge
and reasoning ability. On and off campus students are not communicate with each other about
the exam until after it is returned or pay the penalty of an F in the course. Any communication
about this exam with off campus students will result in an F.

There are a total of 16 pages and 7 problems.

Good luck.
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1. (23 points) (a) (10 pts) Derive thecontrollable canonical state modd (matrix) form of the
differential equaion

() + 3y Y(t) + &, y(t) = byu(t) + byi(t) + IU(t)

(b) (8 pts) Derivetheobservable canonical state modd (matrix) form of theabovedifferentia
equdion.
(¢) (5pts) Determinethestate tranformation matrix T between the two state modds.

2. (15 points) Condder thestate dynamics

X+

= O R O
N ON R
w o w o
AR MO
» O o o
o o r O

Find state feedback u! Fx+u sotha theeigenvdue{! 1'2,1, 2} are assigned to the system in such

away asto eliminae al interaction between the 2x2 diagond blodks of A+BF. Be sure to showthe
form of A+BF. Credit dependsstrongly uponyour approach. !

3. (25 pts) Consde thediscrete time state dynamics
x(k +1) = A(K)X(K) + B(k)u(k)

(a) (13pts) Deriveaset of equaionsfor drivingx(0) to x(4). Putin matrix form.
(b) (8pts) Suppo
1 %

"k 1%
1'1g

B(k)=£! e

"1
and k)=
A9 ?;«1! k k
Compute the minimum energy solution to the state control problem when x(4) = 32 ! 2&2 and
x(0)=0.
(¢) (4pts) Characterize theset of al posible solutions
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4. (22 pts) A discrete time system is given by
"I 0% "1%
k=g 0'?<(k)+§é- u(k)
1 g &

k
(a) (8 pts) Findan expressionfor 4* :[? ﬂ )

(b) (14 pts) If u(k) = (0.5/)"¥ findthezero-state respons x(n) and evaluaeat n=4.

5. (26 pts) Consde thelinear time varying state modd

X(t) = Ax(t)
y(t) = C(t)x(t)

where 4 is3! 3and C(r) is2! 3. Yourmissionisto compute x(t) from output measurements,
which dueto budge congraintsimposed by thedean and implemented by the school head, have caused
aredudion of sensor information. Y our only measurement datais Y(t) and Y(t), the changeand rate of
changecaused by thebudge redudion.

(a) (12 pts) Developaset of equaionsusng ONLY Y(t) and y(t) for computing x(¢) for theabove
equdions and only theaboveequaions Putin matrix form. (Note, you mugt determinethe prope
measurements and numbers of equaions Specify thedimendonsof each matrix in your matrix
equdion))

(b) (4 pts) Unfortunaely, thebudge redudionsimplemented by the school head have lead to the
purchase of sensors form the notoriouscompany, Inferior Sensors Ltd, resultingin noisy measurement
dataand incongstent equaions Unde wha conditionsand how can oneohtain the best least squares
solution?

(¢) (10 pts) Your inferior sensor measures Y() =[2 2] and Y =32 2%, Fill intheequations
10 1 0%

of part (8) for findingand solving for x(1) when Azzo 0 1§ and C(t) = .
0 0 08 0 t It

;2“ 2 2tt2t? oY

Then findthe BEST estimatefor x(2) .
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4. (15 pts) Thetime-varying state dynamics

X(t) = Ax(t) + B(t)u(t)
has solution

t
x(t) = M x(tg) + At DB(g)u(g)dg
t0

Giventha x(T') =0, determinewha states x(7*) arereachable usngtheinputu(t) = /" (t)+/,"(t),
for/," R™ and Aisn! n. Statethedimensonsof all matricesinvolved in youranswer? Develop

equaionswhich showwha subspace and its dimensonin which x(T*) lives? Recall thesifting
propaty:

+

) ) $4i '
#e T DB(g) (g1 Tydg=( 1T é%e! Aag(q))
q

T! q=T
7. (14 pts) A state modd in polytopic form is given by the equaions
X(t) = A(X,t)x(t) + B(x,t)u(t)

Develop thebest set of conditionson A(x,z), B(x,t), u(z) etc. which will guarantee the existence of a
uniquesolution.
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Name:

EE-602
Exam Il
October 20, 2005

132 Point Exam
INSTRUCTIONS

This is a closed book, closed notes exam. You are permitted only a calculator. Work
patiently, efficiently, and in an organized manner clearly identifying the steps you have taken to
solve each problem. Your grade for each problem depends on the completeness, organization and
clarity of your work as well as the resulting answer. All students are expected to abide by the
usual ethical standards of the university, i.e., your answers must reflect only your own knowledge
and reasoning ability. On and off campus students are not communicate with each other about
the exam until after it is returned or pay the penalty of an F in the course. Any communication
about this exam with off campus students will result in an F.

There are a total of 16 pages and 7 problems.

Good luck.
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1. (20 pts) Condder the state dynamics

() = Ax(t) + Bu(t)

"1 11y 1
where A= ,B= .
B o |1

(a) (5 pts) Compute ™.
(b) (15 pts) Suppo® x(2) =41 1§T. Find x(0) if u(t) =1"(t). Yourapproachiscritical to getting
more than hdf credit.

L 1+t -
SOLUTION 1. (a) A isnilpatent of order 2. Therefore et :[ ¢ t t }

1-t
142t 1+2-24] ? 0411298 Hq & e
(b) eNB=g . eA(’_")B=[ q] "e MBdg="o5 - Tl (da=%" T ( =o4(.
I g 2-2g-1] L8111 2q #q! o2, o
. 't % "1l 29%1% 1%
A0 Dy(2) = AL 2)X(2)=$1+t ‘t % x(2)=§ 1 2% ozﬁig. Thedfore
#t 1tg ,, 2 3@%&

¥(0) = 11$ 12$_139
XX
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2. (15 points) Derivethecontrollable canonical state modd (matrix) form of the differentia equaion
Y+ay+ay+agy=Dbu+bl+bi+

SOLUTION 2. Definetheauxiliary equaionas

T r ! !
Y+t y+a, y+agy=u
. '
Define state variables as X =Y, Xp=Y =2y, 3=y :J'c'z, in which case

X3:§:u! al-g-/! 32§/! ay=u! ax! ax ! ax. By lineaity

y=by+b, Y vy
= by + by + B by (Ut apg ! a, ! agy)
= (03! byag)x + (B! Iyas)x, + (b ! 3 )xg + iy
Thus
'x$ 10 1 0$x% 108
boa=ho o 1 5e
& #ag e, " afs Mg
s
\ g"
y=bs! yag) (B! yay) (B! Bya)dgx, +[hylu
%
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3. (15 points) Condder thestate dynamics

5#01002 ;#OO!B
pp 0005 B og
20001& zOO&
"1 2 0 0y 40 1o

(8 Wha isthecharacteristic polynomia of the A-matrix.
(b) Findstate feedback u! Fx+u sothattheeigenvdus{! 1+j,!11+ j} are assigned to the system

in such away as to eliminae interaction between the 2x2 blocks of A.

! $
SOLUTION 3. Observe that if F=#f‘1 fa Js 1. 4%, then
#hs fo J7 Se&

0 1 0 O
f

A+ BF = fy b 3 fy
0 0 0 1
L+fy 2+f5 f, fg

Inorder to eliminae interactionwe set f;=0, f,=0, fy=!1and fg=!2. Thus

10 1 0 o8

f, , 0 0
A+BF=HL 2 &

00 0

# g

#0 0 f, fy8

Thecharacteristic polynomia for each 2x2 block must be / ,. ,(#) = #Prou+2=#% f#8 1.
Theefore f, = f,=f, = fg=12.
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4. (30 pts) Condder thelinear time varying state modd

dimensonsof each matrix in your equéion.)

() = Ax(t) + Bu(t)
y(t) = C(t)x(t) + D(t)u(t)

where Ais3! 3, Bis3x2, C(t) is2x3,and D(t) is2x2.
(a) (10 pts) Developaset of equaionsusng ONLY y(t) and Y(t) for computing x(¢). Putin matrix
form. (Note, youmug determinethe prope measurements and nunmbers of equaions Specify the

(b) (4 pts) What specific conditionsallow for auniquesolution.

©R. A. DeCarlo

(¢) (8 pts) Itisknown tha y(t)zgzl t3 t+t2?&£. Assuming tha u(t) =0, fill in theequaionsof

part () for finding and solving for x(1) when A= ﬁo 0 Og and C(t) =

0 1 1%

# 0 0§

t-1 0 0
0

x(1) bytheeasiest way you can see. It isnotnecessary to compute any inversesat all.
(d) (8 pts) Now find aleft inverse of the"R-matrix"? Isit unique? Why or why not?

Solution 4. (a) Y(t) = C(t)X(t) + D(t)u(t)
3(0) = E@)x(r) + C)4(t) + D()k(e) + B()ult)
M= (E(r) + C(0)A) x(1) + C(1)Bu(r) + D()k(r) + B()u(r)

In matrix form, we have

lyt)$_!

()5 ") +C)As,

c(t)

(b) Congstent equaionsand full column rank.

(©)

$ 1 D

&x(t) +

0%
;MD(X@:

0&

"1y
25

#le

0%

fews+B® DO

J. Then solve for

EE-602, Spring 06

@ Rt=

S = O O

_ 0 = O

page 10

. This can be obtained by ingection.

©R. A. DeCarlo
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5. (20 pts) Thetime-varying state dynamics

X(t) = Ax(t) + B(t)u(t)
has solution

t
t— .

x(t) = N x(ty) + [ XD B(g)u(g)dg

t0

Given tha x(T! )=0, determinewhat states x(T*) are reachable usng theinput u(t) = ég(t) , for

" R™. Hint: Wha arethe dimensonsof the matrices involved in your answer? What space (and of

wha dimenson) mugt x(T*) livein? Recall thesiftingpropaty:

+

# 980 O(at Tyda=(1D'e AthsTle' ig(q)
q

!

T q=T

Solution 5.

T* a2

| T PB(g)8(q - T)dg = (D% | = B(q)

T dq =T
Now

diq ' A9B(q) = ! Ae AIB(q) + € "IB(q)

Thus

srhe' A“B(q) = 52(1 ad Mip(g) + ¢ Aapq))”
$7 ﬁ l -

= A% AT B(T)! A ATB(T)! A¢' AMB(T)+€ ATH(T)
Since A and exp(At) commute,

%
rangéx(T*)] = col ! sp%(l 1)%”%6 AqB(q) . =col! sp$AzB(T)' 2AB(T) + B(T)
&-Tg

Thisisat most m-dimensond. So x(T*) will livein an m-dimensond subgace of R".
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6. (17 pts) Condder thediscrete time state dynamics
x(k +1) = A(K)x(k) + B(k)u(k)

(a) Deriveaset of equaionsfor driving x(1) to x(4). Putin matrix form.

(b) Suppo®
! "1 1%
# 2 k even *(* 1 l' ° k even
1004 * 1g
B(k)= ‘ and  A(k)=)

) 11$ 11 0%

l# & k odd +$ vk odd
194 B0 !

Compute the minimum energy solution to the state control problem when x(4) = x(1) =[2 £2]T.
(¢) Characterizetheset of al posible solutions

SOLUTION 6. (3)

x(2) = AQ)x(D) + Bu()
X(3)= A2)X(2) + B)U(2) = A2)ADX(1) + A2)B(u(l) + BR)U(2)
X(4) = A3 + BEU(3) = A AR ADXD) + A A2)BOU() + A B2u(2) + BEUE)

In matrix form
u(3)
X(4) = A AR ADXD +[ B ABB(2) ABRARB® ] u2)
u(d)
(b) and(c)
u(3)°/
Zf%f"!l 0%1 !lf’/gl 0%2% 1 0 0/$
2¢ #0 !1g§1 1 g#0 !1@2 0 '28§u(1)
Therefore
u(®d%  "u(d% " 0 % "0% "12%
2% "1 0 O"/$ $ $ "129 '

%
$4(2) ( 344(2) =30 O- '&+a

_$
' = gd
O %y B0y D5 105 o $0%
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7. (15 pts) Condder thetime varying single-inputstate modd

_.0 1% n1% Name:
X(t)_ﬁ 1 O&X(t)+§)&u(t)

where
ool L0 1%*_Toos)  sn()Y
P81 0g; s cotng EE-602

Exam I
Suppo system inputsatisfies u(t) = u(kT)1*(t) for kT ! t<(k+1)T,k=0,1,2, ... OCtOber 19 2004

Congruct the matrices of a discrete time state model

2(k+1)=A z(k) + B U(k)
. . 132 Point Exam
so that z(k) = x(kT) for dl integersk " 0, i.e,,
(i) Condruct the A (k)-matrix. INSTRUCTIONS
(ii) Congruct the B(k)-matrix.
This is a closed book, closed notes exam. You are permitted only a calculator. Work
patiently, efficiently, and in an organized manner clearly identifying the steps you have taken to
SOLUTION 7. Notefirst that solve each problem. Your grade for each problem depends on the completeness, organization and
clarity of your work as well as the resulting answer. All students are expected to abide by the
Hh+1)T & usual ethical standards of the university, i.e., your answers must reflect only your own knowledge
(4 pts) x((k +1)T) - eATx(kT) +% n AT ")qu(u(kT) and reasoning ability. On and off campus students are not communicate with each other about
% ( the exam until after it is returned or pay the penalty of an F in the course. Any communication

kT
about this exam with off campus students will result in an F.

Hence \ ( o . There are a total of 16 pages and 7 problems.
! " + v i
Gpts) A=exps 0 1. %_ _ cqs(T) sn(T)‘/
)ﬁ 1 0g, sin(T) coqT)g Good luck.
(8 pts)
k+1)T k+1)T . k+)T :
é:( +..) eA((k+l)T!q)qu:( +") #oog(k+1)T! q) &d _#dn(k+)T! q)&f ) _# §n(M) &

o o San(+0T T Footk+ T T F1vcos)f
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1. (12 pts) Condder the state dynamics
(0 = AX(©)+ BUW), X(2)= 3
= AX(t) + Bu(t), x(2) =
Lt

where A=£ iz,szgg, and e = | + A€ —1). If u(t) =17 (t) findx(0).

©R. A. DeCarlo
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2. (15 pts) Consder thesystem () = Ax(r) + Bu(r) . Itisdesiredtodrive x(0')=[0 0 1 to
x(0") =[111111]" usingan inputof theform u(t) = &8(t) + &J(t). Itisknown tha an svd of the
matrix Q =[B!!AB] is given bdow the problem statement aong with the pseudoinverse of Q.

(a) (2 pts) Definethe Moore-Penrose pseudoright inverse of Q.
(b) (6 pts) Findthecodficients /y and /4.

(¢) (4pts) Findageneral solutionfor thevector [/ 1717,
(d) (3 pts) Findan orthogondbasisfor Im[Q] =col! sp[Q].
EU,SV] =svd(Q)

U=

5.2573e01 0 -8.5065e01

0 1.0000e-00 0
8.5065e01 0 5.2573e01
S=
1.6180e-00 0 0 0
0 1.0000e-00 0 0
0 0 6.1803e01 0
V=
8.5065e01 0 -5.2573e01 0
0 1.0000e-00 0 0
5.2573e01 0 8.5065e01 0
0 0 0 1.0000e-00

Further, it is known tha

Qpseudoinv =

1.0000e-00 0 3.1565el7
0 1.0000e-00 0

-1.0000e-00 0 1.0000e-00

0 0 0
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3. (15 pts) Condder thelinear time varying state modd

H(r) = Ax(f) + Bu(t)
y(t) = C(t)x(t) + D(t)u(t)

whee A is2! 2, Bis2! 2, C(r)is2! 2,and D(r) is 2! 2.

(a) (10 pts) Developaset of equaionsfor computing x(t) frominputoutput measurements. Put in
matrix form. (Note, you must determinethe propa measurements and nunbers of equéions)

(b) (5 pts) Unde wha conditionsare theresulting equaionssolvable for auniquesolution. How
would onesolve theequdions at least theoretically.
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4. (20 pts) Condder thediscrete time state modd

x(k +1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k)

From MATLAB you have thedata set forth bd ow.

(a) (6 pts) Besidestheleft inverse given intheMATLAB daa, find another left inverse of R (see R
bdow).

(b) (7 pts) If y(0)=[1!!.'3]T and y(1)=[1!!!1]T find x(0) assumingtheinputsequenceiszero. Which
left inverse gives theuniquesolution?

(¢) (7 pts) If yourdaais corrupted by a prof-spesk obsurity filter to y(0) = [0!!!2]T and
y(@) =[! 110]” find aleast squaes solution forx(0) again assuming the inputsequence is zero.

ER=[C;C*A]
R=
1 1
1 -1
1 1
1 1
EU,SV]=svd(R)
U=
5.7735e01 0 -5.7735e01 -5.7735e01
0 -1.0000e-00 0 0
5.7735e01 0 7.8868e01 -2.1133e01
5.7735e01 0 -2.1133e01 7.8868e01
S=
2.4495e-00 0
0 1.4142e00
0 0
0 0
V=

7.0711e01 -7.0711e01
_7.0711e01 7.0711e01
ESnv = pinv(S)

Sinv=
4.0825e01 0 0 0
0 7.0711e01 0 0
ER.1=V*Sinv*U'
RL1=

1.6667e01 5.0000e01 1.6667e01 1.6667e01
1.6667e01 -5.0000e01 1.6667e01 1.6667e01
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0
5. (25 pts) Congder adiscrete time system x(k+1) = Ax(k)+ Bu(k) where u(k) = {Ja’kf(k),

A !l 138 191 18 11 ds
Tty 1o affo 1§%°°TH 1§

(a) (10 pts) Let A= TIT' L. Derive aclosed form expressionfor JK. us ngindudion, verify your
expresson. What thenis AK2

(b) (15 pts) Findthezero-state state-responge, x(n) assuminga# 0 anda# 1.

Hint: Recal tha

EE-602, Spring 06 page 20 ©R. A.DeCalo

6. (22 pts) Condder the state dynamics
X(t) = A, DX() + B(x) f [u(t)]

(a) (5pts) StatetheLipschitz condition, precisely.
(b) (12 pts) Develop conditionson A(x,t), B(x), f(!), and B(x)f[u(t)] which are sufficient for the
existence of auniquesolution. Explain.
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7. (23 pts) Let »,...,,v,, beabasisfor RN. Suppoe tha n solutionsto thedifferential equetion
1) = AX®, x(to) =V,

aregiven by /;(t,t0;v;) .

(a) (8 pts) Showtha these solutionsare indgpendent.

(b) (15 pts) Suppoe! (t, tp,v) isasolutionto
B1) = A()x(0), x(t) = xo

for somevin RM. Showthat ! (t, tp,v) can beexpressed asalinear combination of the " j(t, tg,v;).
Specify thelinear combinaion.
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Name: SOLUTIONS

EE-602
EXAM [
OCTOBER 10, 2003

125 Point Exam
INSTRUCTIONS

Thisisa closed book, closed notes exam. Work patiently, efficiently, andin an
organized manner clearly identifying the steps you have taken to solve each problem. Y our
grade for each problem depends on the completeness, organization and clarity of your work as
well astheresulting answer. All students are expected to abide by the usual ethical standards of
the university, i.e., your answers must reflect only your own knowledge and reasoning ahility.

There are atotal of 15 pages and 7 problems.
NO CALCULATORS, NO SCRAP PAPER

Good luck.
Trivia for your parents' parties: (1) Fermat numbers havetheform F,, = 2% 41, Fo=3 F,=5F,=

17,F; = 257, and F, = 65537is thelargest known prime Fermat nurrber.
(2) Youcan'tputan OLD head on Y OUNG shoulders.
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1. (18 pts) (a) (8 pts) Given anonsngular state tranormation Tz = x and the state dynamics

) ) X = Ax+ Bu
find R and B for o
6= 27+ Bu
inteemsof A, B, andT.
(b) (10 pts) If
= 'X+$U
2 X
find T so that
Q:Vl oJ

where #, and#, aretheeigenvdues of A, i.e., theroots of the characteristic polynomia of A. Hint:
answer isnot unique

Solution. (a) After suitable lgebra, #=T'ATz+ T 1Bu=Az+Bu and /1 =1and 1, =2.

. Ity 11287 08 10 181y 18

(b) TR=AT Henoeif;ll 126, 1 ) §:# :gll 12§' It follows that
121 12290 2% (2 Iian 1228

"1 o 2% Mty 2%ty ty ¢

2111 to!2& aZl 2t0& %t21( 23 3ty ( 2t106

t t t t 11
Hence, ty1 =tyy and 2t = ty,. Itfollowstha T{ 11 {11 1205 T{ Jwill work.
Onecould also obtain an equivalent solutionwith /1 =2 and !, =1 or onecould solve thisin genera
with /, and /, asvariables.
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2. (15 points) Derive, alongthelines describein class, the observable canonical form for thefollowing
discrete time difference equation:

y(k+2)+ayy(k+1) + agy(K) = byu(k) + bju(k + 1) + byu(k +2)
(a) Determinetheprope number of state variables.

(b) Definetheoutputequaion of the state modd.
(c) Complete the derivation explaining what you did.
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3. (20 pts) Suppo® youwant the characteristic polynomial of thefeedback system

¥=(A+BF)x
tobe 7 prgr(4) = (A2 + 22 +10) (A +1) where

010 0|
3 1

(a) (5pts) Writedown thestructure of F.
(b) (15 pts) Calculate theentriesof F.

Pfp fp, f3¢
Soluti a F=
olution: (a) #f4 s feé
! 0 1 0 3
(b) A+BF = #4+ fi b+tfrlc +f38 There are three simplifying solutions

fe+ fy b+ fs|at fe
(i) make A+BF block diagond in which case onemay choos:

_"Mall0 'bl2 1c 9
2 b lall

(i) make A+BF blodk uppe triangular in which case onemay choos:

_"al10 !'b!2 fj f}
“#lc b lalk
for arbitrary f5.

(iii) ake A+BF block uppe triangular in which case onemay choos:

_"lall0 !b!2 lc

for arbitrary f, and fs.
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4. (26 pts) A particular physcal process has thelinear time varying state modd

X(t) = AX(t) + B(t)u(t)
where x(t) $ R? and u(t) $ Rforeacht.
(a) (13 pts) Derive usngthesifting propaty bdow a set of equaionsfor drivingagiven x(T! )toa
desired x(T") usngan impulsiveinputof the correct form. Specify theform of theinput alongwith the
dimenson of thecodfficients. Recall thesifting propety:

T+
#eAT %6 Ofq! Tyda= (1) srgd g A‘*B(q)%
T gd a=T

(b) (7 pts) Findaminimum energy impulsiveinput to drive x(I") =[-1 O]T to x(1)=[9 J]T when

111 10 1l g
At 1488 ¢ o §
(c) (6 pts) Characterize theset of all possible solutionsto part (b).

Solution:
(a) Notetha
+

| ; $4 *  B(T) i=0
A(T! q) u (i) lATg I A
#e Te@ et Ddg= (e 8dd' N qB(q)g “TAB()! K1) i=1
T q=T

Further, u(t) =&y8(t—T) + &8 (t—T), where the coefficients are 2-vectors. Thus

1 T7 _ )
% $e*T V8(@)i#" (! Tda=B(M)"o+ [ABT)! BD)]"
i=0 T!
In matrix form

. . o6
(T (T )=[B(T) AB(T)! B'(T)]%,l(
(b) From pat (a)

00 0
M0 0 0 19%o% FO} 00 10} 0

1 x@)=¢ 1 = )
X<)X(>§&§)010§(15|mp“$§1 o 1l1 1
0 10

(c) By ingection
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where the columns of the 4x2 matrix span the null space of the Q-matrix.

©R. A. DeCarlo
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5. (17 pts) Condder thetime invariant state dynamicsin which T isanonsgngular matrix:
10 0% .4 11
+1)= +
X(k +1)= Ty 0.25‘1% x(K) Tﬁtlgl-)l(k)

(a) (4 pts) Congruct an expressionfor AK,
(b) (13 pts) Findthezero-state state-respong, i.e, findx(9), given theinput u(k) = (O.Sfl+ (k).

Solution: (a)
K 10 0 . 1k g 8.,
A" =Ty T =T# &
o 0.2, #0 0.25¢g,

(b)
K 11nj 0 91 ..o K. gi $ o 18
X =T ( # &S Vi=T( 2 g8V izos it 056
“ ]-(zo#o 0.25 %ﬂg/{)) j=0%0-25/ & %é
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6. (16 pts) A discrete time system hastheform

x(k +1)= Ax(k) + Bu(k)
y(k) = C(K)x(K) +Du(k)
(a) (7 pts) Deriveaminimal set of equaionsfor obtaining x(k) from inputoutput measurements
assumingA is 2x2.
(b) (9 pts) Now suppoe
ka1 "0 1%k "OO/ok
+1)= ' +4
xkrh=g, X0+ g U9
"k!'1 k! 1% "1%

=51 1) R+
Find x(1) giventha {u(®)=2Lu(2)=2} and {y(l) :Lﬂy(Z) :tﬂ}

Solution:

Ex1=[1 -3];
Ex2=A*x1 +B* 1
X2 =
-3

-1

Ey2= C2*x2+D*2
y2=
-2

-2

By1=1*D
yi=

1
0

EY=[yly2;

EU=[1 2

ET=[D, zerog2,1);C2*B, D]
T=

10

B RO
or o
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Ev=Y-T*U
V =
0

0

-5

-1

ER=[C1;C2*A]
R=
00

[SENYe)
[l =]

Ex1=R\v

x1=

1.0000e-00
-3.0000e-00

ER =pinv(R)
RL =

0 0 -2.5000e01 2.5000e01
-1.5819e17 0 5.0000e01 5.0000e01

©R. A. DeCarlo
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7. (20 points) Consder thestate dynmics
K= A(t) f (x)+ B(x t)u(t)
(a) StatetheLipschitz condition, precisely.

(b) Develop conditionsonA(t), f(x), B(x,t), and u(t) which are sufficient for the existence of a unique
solution. Explain your reasoning.



