Real Analysis Qual Prep Summer 2009
Assignment 4: Integration

. True or false: If f is a non-negative function defined on R and

Jr fdr < oo,

then lim f(z)=0.

|| —o0

. Let (X,F,u) be a measure space and f € L(p). Show that {f # 0} is
o-finite.

. True or false: Let (X, F, i) be a finite measure space, { f,, } a non-increasing
sequence of non-negative functions which converges to f.

Then [y fndp — [y fdpu.

. Let f be a non-negative measurable function on R. Prove that if
(oo}
> fl@+n)
n=—oo
is integrable, then f =0 a.e.

. Let {ry,72,...} be an enumeration of QNI0, 1], and let f(z) = Z 27",

{n:x>r,}
Compute || f||1-
. Prove that the sum
0 /2
Z/ (1 — Vsinz)" cosx dx
n=0"70
converges to a finite limit, and find its value.
. Let f be a continuous function on I = [—1,1] with the property that

J; " f(x)de =0 for n=0,1,2,.... Show that f is identically zero.

. If f € L1]0,1], show that given e > 0 there exists § > 0 such that p(A) < ¢
implies [, |f| <e.
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(a) Let f € L'(0,00). Prove that there exists a sequence xj " 0o such
that

lim | (ag)| = 0.

(b) Let f € L*(R") with n > 2. Prove that there exists a sequence
Ry /" oo such that

lim Rk/ |f|do =0,
k—o0 S(0,Ry)

where S(0,7) = {z € R"||z| = r}, and do represents the (n-1)-
dimensional Lebesgue measure induced on the sphere S(0,r).

Prove for every ¢ € R™ prove the existence of the limit

. 2
6727Tz<§,:v>67|:1:\

kli»Holo R (k7n+k‘I|2)(1/2)(n+1) dea

and compute it explicitly in terms of the (n—1)-dimensional measure o,,_1
of the unit sphere in R™, and the Beta function

B(z,y) = 2f0ﬂ/2 cos(0)?*~Lsin(9)>~1df, z,y > 0.

Remark: Note carefully that you are not required to know or write explic-
ity the value of o,,_1.

Let fi, fo,... be functions on R™ such that
Jan fe=1,k>1,and 0 < fi < 1.
Prove [g, sup f = oo.
E>1

Let f be a function on (—o0, 00) such that given € > 0 there is a polynomial
p(zx) such that |p(x)— f(x)| < € for all x € R. Show that f is a polynomial.

Let f be a real-valued measurable function on [a, b] such that f: ffde=c
for n = 2,3,4. Show that f = x4 a.e. for some measurable set A C [a,b].

Let (X,F,u) be a finite measure space, and f a measurable extended
real-valued function defined on X. Show that f € L(u) if and only if

S uflf] > k) < .

k=1



15.

16.

17.

18.
19.

20.

21.

22.

Let f be a continuous function on [—1,1]. Find

lim,, .o n f_lgr;n f(x)(1 — nlz|) dz.

True or false: If f € L'(R) and ||fxall1 = 0 for all measurable sets A
satisfying u(A) =, then f =0 a.e.

Show that if f,, — f a.e., f,, >0, g, — g a.e., f, < gy a.e, and ||g,||1 —
lgll1, then || fulls — [|f]]1-

8*11"5‘771
t

Calculate lim;_,g+ fol dr. (Hint: don’t think too hard).

Let a > 1 and compute, with justification,

lim nln [1 + <smx> } dr.
n—oo Jq n

Let (X,F, ) be a measure space and let f : X — [0, 00] be measurable
with f € L*(X, ). Compute

lim [ narctan[(f/n)*]du, a € (0, 00).

n—oo X

Determine whether the limits exist, and if so, compute their values:

1
(a) lim n/ e e g

n— oo 1

(b) lim n/ L S R

Define F(t) = [;° t3¢=t"* dz. Show that F(t) is differentiable, and com-
pute F’(0).



