MAS544 Qual Review Problems 4 Bridges Summer 08

1. (Borel-Cantelli) Prove that if > u(E,) < oo then
W (ﬂ U En> = 0.
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2. Let (X, F,p) be a finite measure space and suppose f € L'(x) is non-
negative and satisfies the property that

/ f dp < p(E)Y4 for all measurable sets E
E
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(here 1 < ¢ < oo and p is such that — + — = 1). Prove that f € L"(u)
p q

for 1 <r <p.

Hint: Consider the sets £, = {z € X : 2" < f(z) < 2"t}

3. Let f € L'(R"). Prove that the function

F(h) = [ |f(x+h) = f(x)|d

Rn

is continuous in h.

4. Let (X, M, 1) be a finite measure space. Let 1 < p < oco. Show L"(u) D
LP(u) whenever 1 < r < p. Does the reverse containment hold?

5. Let f(z) = e l®l g € L}(R).
(a) Show [[f * gl < 2[lg]]x-
d
(b) Show f * g is differentiable on R — {0}, and find d_(f * g).
T

6. Let (X, R, ) be a finite (or even o -finite) measure space. Notice L™ (u)
is a ring with unity. Let I be a proper ideal of L*°(x) with the following

property:

Whenever f,, € I, f € L>®(p) such that Vg € L' (w), [ fog — [ f9,
thenf € I.

Show JA C X, with pA > 0 such that [ = {¢p € L™ :Vz € A, ¢(x) =
0}. Hint: If ¢ € I show (g0 € I

1



7. For each n € N, let F),, be a Lebesgue measurable set and let x4 be the
Lebesgue measure.

(a) Prove that
1 <U ﬂ Ek> < liminf u(E,).
n=1k=n

(b) Exhibit a sequence { £, } for which equality in the above expression
does not hold.

(¢c) What can you say about the relation
p <ﬂ U Ek) > limsup pu(E,)?
n=1k=n n

8. Let (X, F,u) be a measure space and suppose f € LP(u),1 <p

Suppose E,, is a sequence of measurable sets satisfying u(FE,) =

all n. Prove that
lim (nppl/ ]f|d,u) = 0.

9. Let (X, M, u) be a measure space with pu(X) = 1 and let F,..., Fi;
be seventeen measurable subsets of X with u(F;) = i, Vj.

(a) Prove 3 five of our sets, say F,,, ..., Fry with p(N3_ Fy,,) > 0.

(b) Is the conclusion above true if we take sixteen sets instead of
seventeen?



