MA 544 Qual Review Problem Set 6 Bridges Summer ’08

1. Let g, and f, be measurable functions converging a.e. to g, f respec-
tively. Suppose also ¢,¢, € L', [g, — [g, and g, > |fs]. Then,
Jfh—= T

2. Let f, be measurable functions on (X, Y, ). Show f, converges in
measure < f, is Cauchy in measure. (We say f,, is Cauchy in measure
& Ve > 0,3N such that n >m > N = [{|f, — f| > €} <€)

3. Prove or disprove there exists f € LP(0,1),0 < p < oo but f ¢
L*(0,1).

4. Let A and B be two subsets of R. Define A+ B = {a+b:a € A,b€ B}.

(a) Suppose A is closed and B is compact. Prove that A+ B is closed.
(b) Give an example where A and B are closed but A+ B is not closed.

5. Given (X, M,pu),1 <p<o0,0<q<p. If f, = fand g, — g in LP,

show that
lim / ulP gl s = / P99l

6. Suppose that f is a real-valued function defined on I. Show that if f
is not constant and f/ = 0 a.e., then f cannot be Lipschitz on I.

7. Let f,g € LP. Show f+ g€ LP for all 0 < p < oo.

8. Let C be the cantor set, and for all € [0,1] let * = .xjx9m;5... the
unique ternary expansion which lets C' = {x : z; = 0 or 2}. (Careful
here, 1/3 € C' so 1/3 = .022, not .1.) Next, let ¢ : C' — [0, 1] by using
the binary representation for elements of [0, 1] and letting ¢ change all
the 2s to 1s; so, for example, ¢(.002202) = .001101. Show the following:

(a) ¢ is surjective but not injective.

(b) ¢ is continuous.

(c) Let M be the Lebesgue measurable sets on [0, 1], and so ¢~ (M)
is a sigma algebra of sets in C. Let u : ¢~*(M) — Rsq by
pu(A) = |p(A)|. Show u is a measure on C.



9. (a) Show convergence in LP = convergence in measure, but not con-
versely.
(b) If f, and f are in L” with f, converging in measure to f, does
this imply || fullp — (1117



