ECE 544 Fall 2013
Problem Set 9
Due November 22, 2013

1. Read Chapter 7 of M. B. Pursley, Introduction to Digital Communications (MBP).
L B, Pussley, I . (MBP)

-
2. MBP Problems 7.2, 7.3, 7.4, 7.6
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Problem Set 9
Due November 22, 2013

1. Read Chapter 7 of M. B. Pursley, Introduction to Digital Communications (MBP).
2. MBP Problems 7.2, 7.3, 7.4, 7.6



7.2 Show that for any real numbers & and B,

2w
/ exp{a cos(p) — B sin(p)} dp/27 = 1(,(,/a2 + ﬁz),
0

Hint: Write a cos(p) — Bsin(p) as /a2 + 2 cos(p + ), where ¥ is defined by

sin(¥) = B//a? + g2

and

cos(¥) = a /a2 + g2,

In other words, ¢ = tan™! (B8/a). This shows that the original integral is equal to

/-n exp{ve? + B2 cos(p + ¥)) do/27.
]

Now use the fact that cos (6) is periodic in 6 to obtain the desired result,
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7.3 In Section 7.5, the random variable Ry is defined by

Ro= V Ug + Vi,

where Ug and Vj are independent Gaussian random variables, Var{Up} = Var{V,} = o2,
E{Uu} = ug, and E{V,} = .

(a) For the random variable Ry in place of R, repeat the steps used in going from

(7.42) 10 (7.49) and apply the results of Problem 7.2 to conclude that the density
function for Ry is given by

)= [ (/o?) exp{—(r2 +(;:2)/202] Iicr/o®, r=>0,
X r <o,

where ¢ =, /ug + v. This density function is known as the Rician density.
(b) Show that the Rician density reduces to the Rayleigh density if uy = vy = 0.



MBP 1.2

R = + JUZe Vo SR |
© W, v N (v, ™)

Ffo\!& 'Hf\@‘f &Rg \S. a. Rx\sc,g@wm .. W‘s!‘é\ & ?ég‘

S\/\eum e

Lﬁ:&“ F&a (T'o) Jémgcf ‘R&-& C,,gﬂéz Q{:‘ ?C, e

FF'; (“o\) = PﬁiR@{i t"gi‘; where —0a {1y L+
-]

Ff;ﬁ_g}f,, we e ot RQZO Ows@ﬂ te }%5 gei‘;m‘s’em
ae H&L Fégii‘%% ﬁiuax'e& FQG‘%‘ c{mﬁm QVE@@&( Tﬁ«u&

~J
F;@ (\‘“‘03 = O Qz;r T‘G o0

Now ascc um@% 20 Thew,

Fosted = T (e = RS e

— PF“ i"\;};}& "\;f;"im < V‘L\>

<D

e S S Oty g

- fins Vam & du,d
AN )
LOL\ eve_ W/yﬁi\

7
, » =)
(2) = {@oﬁ:)i O N ==~




T

|
1 |
2 r 2
(ch“,f’(ﬂ} + (‘J’@-«—«UQB
2 - 2 ,’ 2
::\LO“ZLLG/&O = Mo +\l”°»-2_\jf;u@+-u

o

—ﬂ/\gm., Cawn W H’_

<r =) -—‘aﬂcf < du,dvg
ALY

‘\XOU:) we C\/\avkc;ﬁ& 'E’G E)@%ar‘ Qéf;?&:fiéw%&%%& \iéds.
Y

3 v =
L =pcos©@ v =pswO Ug v Ny = p
o~ [ /
//QOUE;

-(’-UOJ;__
ii&ﬂg\l}; = P Jf J@ Mo p cos & +u {f?v@
:D Q} coc8 + v s»w@}/,;
— < _ e ~ if’ "‘lf ("AQQDs@’*—U Sm%; %flo #UQ)/Lg
T e B pdo d©
A(ry)

Note - A(r;}’z {(u e{““’j “r% < \E

P

7
4

_{Q(:@) SRV o&@gzﬂj

— E‘“c}*‘" Vét" Z_(!beug +F U,V )« i;,fvvj“' } fz@i

Z s T >
C = potP )
) e mEf}f éf-j/z‘;a ¢ [/"ocoséibua&st@j/;
\hg @};} — 1 . F e s ;
- lns /

lo




i %

tjrafﬁémﬁ Hha mjfﬁﬁs‘@i% 2T

fo P m’ o r ]
F gr N = p — {,F@*" Cg}j /Zé%" 3 ! é DJ@ cos® +—UQ§EW @J /O/L
EQ\ o J ; e o | i@
o = S )

/.V'

\L L_ook C{oggh a'l* ‘“f\es m%iﬁr\& uaL\{c,ir\ 'S

Sy lar 4= Hiat covered w class and
‘ 18P
m MR -0 717

L=

£ E_#a Cog B+ U_ s @j /d;

_ 2 (A 1
<[Cl/“°} Yo ’51} A Je °

©

F:;uawa,wg M %ﬂ,&v&s'gs &@%Qi cgé?b%
= F}*@/ﬁl L = - FUQ /ﬁ:&.g

Wwlen ca 2T

@Q@ggm %im@ = Ef,g <O+3E>E‘_ j
i o
C_,Qmigfr’%' O\+SL\ — \(@ +<: Fa%aﬁ %"‘m ¢ WA mg*w@

mwwi

Y= Vorrl® ond & i b ¥esd=o and
X@m@ ’;%

—> 0.cos 6 - bowp = Vair i cos(0+)




i
[
2T
o | Vet +l* cos W .
— :; < dp oy peciadic
&

Su,,,i‘b shita é‘a:wi bae

S~

(‘O — . 2”"“ R
Fﬁ" (i = p —Leé"-t»c:,j/zéf pe
ﬁ‘@ e —_— %
-

N ﬂ_ ‘ o
:> C\, eng % j; win & L Lot -FQ r ™, v. ? o S M L 'Lizfawig
o é ‘5 ‘% < %"i oy vy RS "‘%&,‘g, (Ti L P 5 € % %%.%

i) o
r ‘ FToe ~ = v
| JA ;,;E (‘i [ i@{ iiﬁ} ‘@*2*@
, <ro> g /E 4

o . <o




| |
| |

Ve

N

Q

=,

— =0

o ~a o™
— &

o= .20
i£§g§——~s§

R
O T,<o.
\_

U\}\r\; e;iﬁ Elg ;‘%g@g_, EQ\[;i%Z&;V éﬁﬁ < E‘&»‘,

9 Ccm S‘sief” -HN_ Z,if‘“@ WA Lawve o S /«.zo = U =O.




7.4 Consider the receiver shown in Figure 7-6 with wo(r) = w(t) = pr(t) and 6;(t) =
(w; —wc) £. Assume thal the LS decision rule is used. The transmitted signals are given
bys;(t) = V24 a;(t) pr(t) cos(w;t+g;) fori = 1andi = 0. The amplitude shaping is
not the same for the two signals. The signal ag(¢) is the sine pulse of duration T and g, (1)
is the unit-amplitude triangular pulse of duration T'; that is, ag(t) = sin(w¢/T) pr(r)
anda,(r) = 2t/T for0 <t < iT,and a; () =2 — (2¢/T) for iT <t < T. Assume
that w; > wy > 1/T, w; = 27n; /T for some integer #;, and w; — wy is sufficiently
large that, for any phase angle ¢,

T
/ si(t) cos(wpt + @) dt =0
0

if i 5 k. The channel is an additive white Gaussian noise channel with spectral density
No/2.

(a) Give a simple closed-form expression (no integrals) for the conditional error
probability P, ¢ in terms of A, T, and Nj.

(b) Give a simple closed-form expression for P, ; in terms of A, T, and Nj.

(c) Are these two error probabilities the same? Should they be the same for the given
system and signal set? Explain why or why not.

(@) Does the LS decision rule give a minimax decision based on the statistics R} and
RZ7? Explain your answer.
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7.6 The noncoherent communication receiver of Figure 7-4 is to be used for a packet radio
communication system. Each packet consists of N binary digits that are transmitted
using binary FSK modulation. The transmission rate is 1/7 bits/s. In the absence of
fading, the received signal for the nth binary digit is given by

s(t) = V2 Acos(wit +¢), nT <t <@+1T,

fori = 0 (if Ois sent) or i = 1 (if 1 is sent). Assume that @y # @, and that wo and
w, are multiples of 277/ T. The front end of the receiving radio adds white Gaussian
noise X (t) of spectral density No/2 to the received signal, so the input to the receiver
sY(@)=s@)+X@).

(a) Inthe absence of fading, A is justa deterministic constant. What is the probabilit.y
of bit error for this receiver? What is the probability of packet error for this
receiver? Answer in terms of A and the other parameters given.

(b) Give a high signal-to-noise ratio approximation to the packet error probability of
part (a).

(c) For a particular fading channel, the parameter A is constant over the packet, but
it is a random variable that has a Gaussian distribution with mean 0 and variance
B2. Find the average bit error probability for this channel and receiver (average
over the amplitudes of the received signal).

(d) Inthis part, the packet is deemed unacceptable if its bit error probability exceeds
a specified probability p. Find an expression for the outage probability, which is
the probability that the amplitude A is such that the given packet is unacceptable.
Simplify as much as possible.

(e) Consider the same receiver, but a different fading channel that also distorts the
pulse shape. The received signal is now of the form

s(t) = V2 Asin(wt/T) cos(w;t +¢;), nT <t < (n+ DT.
Assume that T™! « |w) — wy| < wy < w), so that, among other implications,

double-frequency terms can be ignored and the signals are orthogonal. Find the
average probability of bit error if the amplitude A is as described in part (c).
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Figure 7-4: Optimum receiver for noncoherent BFSK communications.
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